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Q , We discuss R-symmetry in locally super symmetric N = 2 gauge theories coupled to hypermulti- 

' plets, which can be viewed as effective theories of heterotic string models. In this type of supergravities 
a suitable R-symmetry exists and can be used to topologically twist the theory. The vector multiplet of 
^ ■ the dilaton-axion field has a different R-charge assignment with respect to the other vector multiplets. 

In his first paper on topological field theories [|l|, Witten had shown how to derive a 
topological reinterpretation of N=2 Yang-Mills theory in four-dimensions by redefining the 
Euclidean Lorentz group: 

SOiA)sp^n = SU{2)l ® SU{2)r (1) 

in the following way: 

50(4)',p,„ = SU{2)l ® SU{2y^ ■ SU{2y^ = diag(5f/(2), ® SU{2)r) . (2) 

Here SU{2)i is a factor of the automorphism group SUi{2) x of the N=2 supersymmetry 

algebra. Moreover the second factor usually called R-symmetry group, enters in a 

suitable redefinition of the Ug{l) ghost number group: 

[/,(!) ^f/^(l) = diag(f/,(l)x [/,(!)) (3) 

According to this prescription the quantum numbers of a generic field change as follows 

^{L^RJY ^{L^R^iy^^ , (4) 



where L, R, I, R x I label the representations of the original three SU (2) defined in equations 
(|l|), (I), and r,g are the charges of the Ui{l) and Ug{l) groups respectively. 

In particular, for physical fields {g = 0), the R-symmetry charge r coincides with the 
ghost number of the topologically twisted theory. This procedure is generally referred to as 
topological twisting. This twisting procedure applied to the rigid N=2 supersymmetric Yang- 
Mills theory yields topological Yang-Mills theory, where the fields of the N=2 supermultiplet 
have the following reinterpretation: 

gauge boson A^^ phys. field = 

left-handed gaugino A""^ top. ghost qgh = 1 

right-handed gaugino A^* top. antighost Qgh = —1 

scalar ghost for ghosts qgh = 2 

conjug. scalar Y^* antighost for antighosts qgh = —2 (5) 

Actually, this is the result one obtains starting from the so called minimal coupling of the N = 2 
rigid theory, that is when the prepotential F{Y) is quadratic in the scalar fields Y^ . 

In order to extend Witten's ideas to the case of an arbitrary N=2 theory including gravity 
and hypermultiplets, four steps, that were clarified in refs. [0, ^, are needed: 

i) Systematic use of the BRST quantization, prior to the twist. 

ii) Identification of a gravitationally extended R-symmetry that can be utilized to redefine 
the ghost-number in the topological twist. 

iii) In presence of hypermultiplets, a further modification of rule (|^) for the redefinition of 
the Lorentz group that becomes: 

SOU)' - SU{2)' ® SU{2)' { ^^^^^'^ = ^^^S ^^^(2). SUi2)n) . . 

Here SU {2)q is a group whose action vanishes on all fields except on those of the hyper- 
multiplet sector, so that its role was not perceived in Witten's original case. 

iv) Redefinition of the supersymmetry ghost field {topological shift). 

Points i) and iv) of the above list do not impose any restriction on the scalar manifold 
geometry, so we do not discuss them further. 

It is clear that, when N=2 supersymmetry is made local, /^-symmetry should extend 
to a suitable symmetry of matter coupled supergravity. Indeed, the possibility of topological 
twisting in the gravitational case requires a well defined R-symmetry charge for the parent 
N = 2 local theory in order that the new ghost numbers g' = g + r he well defined for all the 
fields. Thus, the problem of the identification of the R-symmetry in = 2 local theory and 
the possibility of defining a suitable twisting for topological gravity amount to the same thing. 
It turns out that in order to have a consistent definition of R-symmetry in the local case, 
an essential ingredient is the presence of an axion-dilaton vector multiplet (v.m.) in the matter 
coupled theory which behaves in the reversed manner as far as the R-symmetry charge (and 
hence ghost number) assignments are concerned, namely: 



gauge boson —>■ ghost, for ghost qgh = 2 
left-handed gaugino A"*^ top. antighost qgh = — 1 



right-handed gaugino A^* — > top. ghost Qgh = 1 
scalar S phys. field qgh = 
conjug. scalar S phys. field qgh = 0. (7) 

We note now that an axion-dilaton v.m. behaving in a different way with respect to R-symmetry 
transformations is what naturally shows up in the low energy limit of the heterotic string 
compactified on six dimensional manifolds, like T2 x -ft'3[^ 0]. In this context, at the classical 
level the following vector multiplet and hyper mult iplet scalar manifold ST{n) and HQ{m) 
respectively are given by 

Here n, m are the numbers of vector multiplets and hypermultiplets respectively and SU{1, 1)/U{1] 
is parametrized by the dilaton complex field S. We will see below that the R-symmetry as- 
signments of eq. (0) can be easily computed in this case. Furthermore, the very presence 
of the axion-dilaton v.m. in the N = 2 local theory solves an apparent difficulty which was 
noted in ref. 0, Q in a different approach to the problem of the R-charges assignments for the 
gravitationally coupled N = 2 theory. There, it appeared difficult to saturate the sum rule 

n 

Y^ighy = 3r (9) 

i=l 

relating the ghost numbers {ghy of the various fields, typically an even number, to the di- 
mensionality 3r of the moduli space of a typical gravitational instanton, like an ALE manifold 
(here r is the Hirzebruch signature). However, the presence of the axion-dilaton v.m. allows 
the complexification of the moduli space for the Kahler structure deformations enlarging the di- 
mensionality of the moduli space to 4r, which, being an even number, solves the aforementioned 
problem. 

Coming back to our main problem, we recall that while in the classical case the R- 
symmetry is a U{1) group, it breaks down to Zp G U{1) when non-perturbative quantum 
corrections are turned on. 

Furthermore it happens that in the classical ST{n) case the continuous R-symmetry is 
an off-shell symmetry of the action while in the quantum ST{n) case the discrete R-symmetry 
acts in general as an electric-magnetic duality rotation of the type of S~duality. As stated 
before, the i?-symmetry of rigid N=2 gauge theories should have a natural extension to the 
gravitationally coupled case. We need some guidelines to relate the R-symmetry of a rigid 
theory to the R-symmetry of a corresponding locally supersymmetric theory. The main points 
to have in mind are the following ones: 

• The R-symmetry group Gji, whether continuous or discrete, must act on the symplectic 
sections {X^, F\) (A = 0, . . . , n) by means of symplectic matrices: 

VgeG^ ^ (^1^1 ^1^1) G r«C^P(4 + 2n,lR). (10) 

• The fields of the theory must have under Gr well defined charges, so that Gr is either a 
Ufi{l) group if continuous or a cyclic group if discrete. 



By definition the left-handed and right-handed gravitinos must have R-charges q = ±1, 
respectively 



• Under the Gr action there must be, in the special manifold, a preferred direction cor- 
responding to the dilaton-axion multiplet whose R-charges are reversed with respect to 
those of all the other multiplets. As emphasized, this is necessary, in order for the topo- 
logical twist to leave the axion-dilaton field physical in the topological theory, contrary 
to the other scalar partners of the vectors that become ghosts for the ghosts 

As we will discuss below, for the classical coset manifolds ST{n) the appropriate R- 
symmetry is continuous and it is easily singled out: it is the 5*0(2) ~ U{1) subgroup of the 
isotropy group S"© (2) X 5*0(71) C 5*0(2, n). The coordinates that diagonalize the R-charges are 
precisely the Calabi-Visentini coordinates of the classical theory[Q. In the flat limit they can 
be identified with the special coordinates of rigid special geometry. Hence such gravitational 
R-symmetry is, as required, the supergravity counterpart of the R-symmetry considered in 
the rigid theories. Due to the direct product structure of this classical manifold the preferred 
direction corresponding to the dilaton-axion field is explicitly singled out in the 5'[/(l, 1)/U{1) 
factor . 

Generically, in the quantum case, the R-symmetry group Gr is discrete. Its action on 
the quantum counterpart of the Calabi-Visentini coordinates Y°' must approach the action 
of a discrete subgroup of the classical U{1)r in the same asymptotic region where the local 
geometry of the quantum manifold ST{n) approaches that of ST{n). This is the large radius 
limit if we think of ST{n) as of the moduli-space of some dynamical Calabi-Yau threefold. 
To this effect recall that special Kahler geometry is the moduli-space geometry of Calabi-Yau 
threefolds and we can generically assume that any special manifold SAi corresponds to some 
suitable threefold. Although the Gr group is, in this sense, a subgroup of the classical Ur{1) 
group, yet we should not expect that it is realized by a subgroup of the symplectic matrices 
that realize U{1)r in the classical case. The different structure of the symplectic R-matrices 
is precisely what allows a dramatically different form of the special metric in the quantum and 
classical case. The need for this difference can be perceived a priori from the request that the 
quantum R-symmetry matrix should be symplectic integer valued. As we are going to see this 
is possible only for 24 subgroups of U{1)r in the original symplectic embedding. Hence the 
different Zp R-symmetries appearing in rigid quantum theories should have different symplectic 
embeddings in the gravitational case. 

Let us now give the general properties of the gravitationally extended R-symmetry. R- 
symmetry is either a U{1) symmetry or a discrete Zp symmetry. Thus, if i?-symmetry acts 
diagonally with charge qr on a field 0, this means that e'^^^'^0, "i? G [0, 27r] in the continuous 
case. In the discrete case only the values = —I, / = 0, 1 . . .p — 1 are allowed and in particular 

— 

the generator of the Zp group acts as ^ R(j) = e p 0. 

By definition i?-symmetry acts diagonally with charge +1 (—1) on the left-(right)-handed 
gravitinos (in the same way as it acts on the supersymmetry parameters in the rigid case): 



/^-symmetry generates isometries 2;* {R2^zy of the scalar metric gij* and it is embedded into 
Sp{2n + 4, IR) by means of a symplectic matrix: 



I.e. 



qd'ipA) = 1 
gR(^^) = - 



-1. 



(11) 




(12) 



As we have already pointed out it turns out that in the classical case of ST{n) manifolds R- 
symmetry does not mix the Bianchi identities with the field equations since the matrix (p!0|) 



happens to be block diagonal: 626* = C2e- In the quantum case, instead, this is in general not 
true. There is a symplectic action on the section {X^,F\) induced by (i?2i?^)*: 

(X,F)^/2^(zOM2^-(X,F) (13) 

where the Kahler compensating factor /2i?(-2*) depends in general both on the transformation 
parameter and on the base-point z. By definition this compensating factor is the same that 
appears in the transformation of the gravitino field ipA exp[/2^(z*)/2] ^z^^. Since we have 
imposed that the transformation of the gravitino field should be as in (|ll|) it follows that the 
R-symmetry transformation must be such as to satisfy eq.(|13|) with a suitable matrix (12) and 
with a compensating Kahler factor of the following specific form: 

f24^') = (14) 
Condition (|1^ is a crucial constraint on the form of i?-symmetry. 

Given these inputs, it turns out that the susy transformation laws of the N = 2 local theory[§] 
fix in a unique way the R-symmetry assignments for all the fields, and in particular give the 
charge assignment of eq. (^ of the axion-dilaton multiplet. 

In the case of the microscopic classical N = 2 lagrangian, the special Kahler manifold of 
the v.m. scalars is a ST{n) manifold. Consider the following parametrization of the N = 2 
symplectic sections 0] 

(X^FA) = (X^,5r/AsX^) , X^=| i/2(l-F2) 1. (15) 




In eq. (Jig ) are the Calabi-Visentini coordinates, parametrizing the coset manifold 
S0{2,n)/ S0{2) X SO{n), while S parametrizes SU{1,1)/U{1). The pseudoorthogonal metric 
T^As has the signature (+, +,—,...,—). In this parametrization the action of the isometry group 
SU{1, 1) X 5*0(2, n) is linearly realized, and the action of i?-symmetry is extremely simple. One 
finds 

S^S , y"_^e2'''y° (16) 

according to eq. (|^). 

Utilizing the explicit form eq. ( |T5| ) of the symplectic section, eq. ( [T6| ) induces the trans- 



formation: 





1712^ 

(mi,)-i 



cos 213 - sin 2^9 
m2^ = I sin2^9 cos2t9 \ E S0{2,n). 

In xr 



(17) 



We see that the crucial condition ([M]) is met. Furthermore note that in this classical case 
&2i9 = = 0, the matrix (|T^) is completely diagonal and it has the required eigenvalues 
(ei^e-'M,...,l). 

At this point we need no more checks; the i?-symmetry defined by eq. (0) is a true 
symmetry of the lagrangian and satisfies all the expected properties. The gauge fields A"' do 
not transform, while the A^,A^ gauge fields undergo an 5*0(2) rotation: 




cos 2'(9 — sin 2i) 
sin2'd cos 2'd 




A"" ^ A'^ . (18) 



Notice that from eq.s (p!7D, (|T^) and from the exphcit form of the embedding[Q, we easily check 
that the R-symmetry for the ST{n) case is nothing else but the 5*0(2) ~ U{1) subgroup of the 
isometries appearing in the denominator of the coset S0{2,n)/ S0{2) x SO{n). 

At the quantum level the /^-symmetries should act on the symplectic sections as a sym- 
plectic matrix belonging to Sp{2n + 4, Z). Consider then the intersection of the continuous R 
symmetry of eq.s (|l6|,|l^ with Sp{2n + 4, Z): the result is a Z4 R-symmetry generated by the 



matrix with -(9 = 7r/4, where: 

/ -1 



m 



■k/2 



10 I G 50(2, n;Z). (19) 
V l„x, 



As already observed, in a generic case, after the quantum corrections are implemented, the 
discrete R-symmetry Zp is a subgroup of U{1)r as far as the action on the moduli at large 
values is concerned, but it is implemented by 5*^(4 + 2?2, Z) matrices that are not the restriction 
to discrete value of theta of the matrix M2-d defined in eq.s (|T^. In the one modulus case 
where, according to the analysis by Seiberg-Witten the rigid R-symmetry is Z4, there is the 
possibility of maintaining the classical form of the matrix also at the quantum level and 
in the case of local supersymmetry. This seems to be a peculiarity of the one-modulus N=2 
gauge theory. 

In the classical case of the ST{n) manifolds the existence of a preferred direction is obvious 
from the definition of the manifolds and R-symmetry singles it out in the way discussed. Let 
us see how the dilaton-axion direction can be singled out by the discrete R-symmetry of the 
quantum manifolds ST{n). Let Gr = Zp and let a = e^'^^l'P be a p-th root of the unity. In the 
space of the scalar fields there always will be a coordinate basis (i = 1, . . . n + 1) that 
diagonalizes the action of so that: 

i?2^M* = a'^'M* gi = 0, l,...,p- Imodp (20) 

The n -|- 1 integers (defined modulo p) are the R-symmetry charges of the scalar fields Ui. 
At the same time a generic S'j9(4 + 2n, IR) matrix has eigenvalues: 

( Ao, Ai, A„+i, j (21) 

\ ^0 ^1 ^n+\ I 



The R-symmetry symplectic matrix of eq. (12), being the generator of a cyclic group Zp, 
has eigenvalues: 

Ao = a'", \i = a^\ . . . , A„+i = a^-+' , (22) 

where (/cq, ^i, • • • ^n+i) is a new set of n + 2 integers defined modulo p. These numbers are the 
R-symmetry charges of the electric-magnetic field strenghts 

+ i G^^,u1 ^lu + i G],^, . . ■ F'll^^ + i OJ]+^ , (23) 

their negatives, as follows eq. (pT]), being the charges of the complex conjugate combinations 
F^y — iGfj^y. Since what is really relevant in the topological twist are the differences of ghost 
numbers (not their absolute values), the interpretation of the scalars (i = 1, . . . , n) as ghost 
for ghosts and of the corresponding vector fields as physical gauge fields requires that 



qi = ki + 2 z = 1, . . . , n 



(24) 



On the other hand, if the vector partner of the axion-dilaton field has to be a ghost for ghosts, 
the S-field itself being physical, we must have: 



K+i = qn+i + 2 (25) 

In eq. (^5]) we have conventionally identified 

S = (26) 

Finally the R-symmetry charge ko of the last vector field-strength is determined by the 
transformation law of the graviphoton combination 0]. 

In |]T^ an explicit example is provided of quantum R-symmetry based on the local N=2 
SU{2) gauge theory associated with the Calabi-Yau manifold iyCP4(8; 2, 2, 2, 1, 1) of Hodge 
numbers [hu = 2, h2i = 86) that has been considered in fill] as an example of heterotic/type 
II duality. 

As a final remark, we note that once the R-symmetry charges in the N = 2 local theory 
have been fixed, we may twist to the topological gravity theory coupled to the axion-dilaton 
field the gauge fields and hypermultiplet scalars. As it is well known, in the topological theory 
we have a set of instanton conditions which fix the topological symmetry. The form of these 
instanton conditions is universal and applies both to the classical and quantum case. Specifically 
it turns out that there are four equations describing the coupling of four types of instantons: 

i) gravitational instanton 

ii) gauge-instantons . _^ 

iii) triholomorphic hyperinstantons 

iv) H-monopoles. 

Instanton equations of this type have already been discussed in 0, ^, [l^, |l^ ; the main difference 
is that in p, [1^ the instanton conditions were only the first three of eq.s (pTj). The H-monopoles 
[8-12], namely the instanton-like configurations 

daD = eatcde^'H''^'' (28) 

in the dilaton-axion sector were missing. In eq. ( pS] ) D is the dilaton field and H^iyp is the 
curl of the antisymmetric axion tensor B^^^, : d^^pB^^T^ = Hp^^p. The reason why they were 
missing in |T^ is the type of symmetry used there to define the ghost number, namely an 
on-shell i?-duality based on the properties of the so-called minimal coupling. The new type of 
gravitationally extended i?-symmetry that we present here is typically stringy in its origin and 
for the classical moduli-spaces is an ordinary off-shell symmetry, which does not mix electric 
and magnetic states as the -R-duality of the minimal case does. In the quantum-corrected 
effective lagrangians i?-symmetry reduces once again to an i?-duality, namely to a discrete 
group of electric-magnetic duality rotations; yet the preferred direction of the dilaton-axion 
field is mantained also in the quantum case as it is necessary on physical grounds. The new 
version of i?-symmetry discussed here provides the solution to several conceptual problems at 
the same time. 

More details on the topics discussed in this contribution can be found in and references 
therein. 
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